We show that, by going beyond the low-energy approximation for which the dispersion relations of graphene are linear, the corresponding emergent field theory is a specific generalization a Dirac field theory. The generalized Dirac Hamiltonians one obtains are those compatible with specific generalizations of the uncertainty principle. We also briefly comment on the compatibility of the latter with noncommuting positions, [x i , x j ] = 0, and on their possible physical realization.
I. INTRODUCTION
At low energy, the quasiparticles of graphene responsible for its transport properties, have a well know description in terms of an emergent Dirac field theory, both in flat and curved spacetimes. See [1] for the original theory, [2] for the first experiments, and the reviews [3, 4] .
Recently [5] , the possibility that a deformed Dirac structure could still exist was explored, in a range of energies beyond such linear regime.
Indeed, as we shall recall later, it was found in [5] that a Dirac structure of a generalized kind is present, beyond the linear approximation, and it is precisely of the specific kind obtained earlier in quantum gravity scenarios with a minimal length, see [6] for a review. This is as it must be: the higher the energy (or, equivalently, the shorter the wavelength) of the π-electron quasiparticles, the more the space they see while they propagate looses its smoothness, and the effects of the discrete honeycomb lattice (see Fig. 1 ) show-up 1 . This is also consistent with doubly special relativity [6] (DSR), with its maximal Planck energy scale, where the smooth manifold structure of spacetime breaks down, along with the local Lorentz invariance.
These scenarios, in fundamental research, are also the stage for certain generalized uncertainty principles (GUPs) stemming from the presence in the theory of a fundamental length scale [8] [9] [10] [11] . Those differ considerably from other GUPs in the literature, see, e.g. [12] .
Noticeably, the latter GUPs would not apply here, while the former do.
We shall also show that noncommutativity, either of coordinates or of momenta, is supported by such GUPs. In particular, we shall comment on the fact that a specific kind of
can be accommodated in this context, and shall point to the role of an external magnetic field for its realization.
It is important to appreciate that these features of graphene can be useful for high energy theoretical research, because there are many open questions there that could be addressed in this way. For instance, previous work [13] [14] [15] [16] [17] , has extensively explored the possibility to realize on graphene black hole physics within the standard description of a quantum field on (nearly everywhere) continuous spacetimes. The present approach could open the way to explore what happens to such physics when the granular effects of space(time) are taken into account, see, e.g., [18] . One key example that comes to the mind is the experimental realization of quantum or noncommutative (or both) corrections to the Bekenstein formula for the black-hole entropy.
In the following, we shall recall how the Dirac structure survives beyond the linear regime, in the hypothesis that [
We then briefly comment on the compatibility of such structures with noncommutativity, and close with some conclusions.
II. DIRAC STRUCTURE BEYOND THE LINEAR REGIME
The honeycomb lattice of graphene, see Fig. 1 , has two atoms per unit cell. The quantum state associated to such configuration is
. Here k labels the crystal quasi-momentum, a k and b k are complex functions, and φ From the Schrödinger equationĤ k |Φ k = E( k)|Φ k , we obtain
We rewrite the overall interaction as a sum of interactions between subsequent orders of neighbors, and go up to the m th -near neighbors. It can be shown [5] that the field Hamiltonian (1) becomes
where ς m and η m are the overlapping and the hopping parameters, respectively, and
We have
ky cos(
where is the lattice spacing, and the important relation F 2 = |F 1 | 2 − 3, holds [5] .
By setting the zero of E( k) to (0) , the Schrödinger equation becomes ψ † k
, and the Hamiltonian matrix is matrices, although this is not enough to have a Dirac structure, as we need to focus on the two solutions, E ± , to the secular equation det
This gives an involved expression in terms of the F m s, and in general there is no Dirac structure behind such dispersion relations, but the occurrence that
This, including the important minus sign in front of A, is precisely what obtained in [9] [10] [11] when generalizing the Dirac dispersion relations, to accommodate the effects of a GUP with a minimal fundamental length A ∝ , the honeycomb lattice spacing here. 
By introducing a new generalized momentum Q ≡ P (1 − A| P |), of which the former, P , is the low-energy approximation, we have the Dirac Hamiltonian
where we used the Pauli matrices properties to write P P = | P | 2 1 2 . When
then
that is precisely the GUP of [9] [10] [11] . As long those phase space variables are concerned, this is it. Nonetheless, it is crucial to notice that here we have three regimes, with a different kind of momentum at any given regime: two generalized momenta, Q and P (with P low-energy with respect to Q), and the standard momentum p (that is low-energy with respect to P , hence with respect to Q).
At the first level of the ladder, (X Q i , Q j ), full Lorentz symmetry is preserved, see (4) . At the second level, (X P i , Q j ), the Hamiltonian preserves rotation symmetry, SO(2) in this case, but full Lorentz is gone (see Q i Q j /Q in (6)). At the last level in the ladder, (x i , Q j ), not even rotation symmetry of the Hamiltonian survives (see the so-called "trigonal warping" [3] , that here we naturally reproduce).
Therefore, in the hypothesis that [x i , x j ] = 0 = [p i , p j ], and since the low energy momenta are the p i s (i.e., [
[y,
In [5] the result up to order O( 2 ) is given. This is a rich algebraic structure, worth investigating, especially in relation to the possibility for noncommutativity.
III. GUP ALGEBRA AND NONCOMMUTATIVITY IN GRAPHENE
Noncommutativity of position and momentum is at the core of quantum mechanics, hence, as such, a well accepted fact of Nature. On the other hand, noncommutativity of positions among themselves still seems quite a radical and fully theoretical hypothesis.
In fact, such a possibility has been studied from many perspectives, starting from the early days of quantum mechanics with the Lorentz-symmetry-preserving model of Snyder [19] .
It then went through different stages of fortune, from the ground-breaking mathematical framework of Connes's Noncommutative Geometry [20] , to Doplicher et al's hypothesis of a necessary outcome of the reconciliation between general relativity and quantum mechanics [21] , to the noncommutative gauge theory as a possible low-energy limit of string theory, obtained via the Seiberg-Witten map 4 [23] . The latter results, in the past decade, ignited research on the emergence of such phenomenon in condensed matter systems [24] , especially impacts on Lorentz symmetry, e.g., in electrodynamics [25, 26] .
Let us then comment here on whether this radical idea can find some room in these In the previous Section, we saw that, by considering terms beyond the linear approximation, a modified Heisenberg algebra emerges. In there, we assumed that the coordinates (and momenta) commute among themselves. Indeed, the algebra (6) If we allow for noncommutativity, we have many more possibilities. Here we merely explore which noncommutative algebra is compatible with the GUP emerged in graphene, see (6), up to quadratic contributions.
Suppose we have a general Weyl-Heisenberg algebra of the kind studied in [9] [10] [11] [
where p ≡ p 2 = p i p i , and αs and βs must be dimensionfull constants, [
Imposing the Jacobi identity,
leads to the relation [11] −
Equation (10) can be solved by demanding both its sides to be zero, which gives [9] [10] [11] α 1 = α 2 ≡ −α and β 2 = 3α 2 , with β 1 = α 2 , on the one hand, and commuting coordinates, on the other hand. The final expression for the GUP is then
that, at order α, is what we obtain in graphene too, see (6) .
Noticeably, this GUP does not rule out the possibility of a noncommutative algebra, when
and θ ij is a constant, antisymmetric, c−number valued quantity. Indeed, in this case, the left side of (10) is still zero, so then is the right side, and the previous argument leading to (11) just goes through.
On the other hand, a more general noncommutativity needs more drastic changes. For instance, one well known model is the Lie-algebra model [22] ,
where C k ij are c−number valued structure constants. With a noncommutativity of the kind (13), the left side of (10) is no longer zero, and one cannot find a set of constant αs and βs satisfying the equation.
Another popular realization of noncommutativity is the q-deformed algebra [22] , based on deformed operators x q and commutators
with q( ), and R ij kl a c−number valued quantity. This approach lead, for instance, to the interesting twisted coproduct model of Balachandran et al [27] . For this kind of noncommutativity based on q-deformation, all the commutators need be, at least in principle, modified.
Hence, to study whether the latter approach can find room in the graphene scenario, an analysis deeper than the one carried on here is necessary.
Similarly, one can work-out from the Jacobi for [[p i , p j ], x k ], that noncommutativity of the momenta is also allowed along a similar pattern as for coordinates.
Therefore, we conclude that there is indeed room for noncommutativity in this graphene scenario, surely in the settings provided by (12) . The questions are then: What physical situation are we describing this way? What θ ij corresponds to in graphene?
We shall not answer fully these questions here, but shall only point to a scenario that could be easily realized with graphene, and that is known to have noncommutativity of the kind we are looking for. The scenario is that of planar electrons in the lowest Landau level.
The energy levels of such electrons, moving within an external magnetic field of strength B, perpendicular to the plane, are the well-known Landau levels. In graphene, Landau levels have been realized in experiments and studied, see, e.g., [28] .
When the magnetic field is strong the dynamics is effectively projected to the lowest such levels 5 , giving rise to [24] [
that in our context would mean θ ij = c eB ij .
IV. CONCLUSIONS
We have shown that, by going beyond the linear dispersion relations of graphene, a generalized Dirac field theory survives, and it is compatible with GUPs that require a minimal fundamental length scale. This is also consistent with Amelino-Camelia's DSR, where the smooth manifold structure of spacetime breaks down, along with the local Lorentz invariance.
While it may be surprising that some sort of field theory description still holds in graphene at higher energies (a fact due to the fortuitus occurrence F 2 = |F 1 | 2 −3), the correspondence of the latter with fields in a granular spacetime scenarios is something one should expect.
In fact, the shorter the wavelength of the π-electron quasiparticles, the more the granular structure of the honeycomb lattice affects their dynamics.
It is important for high energy theory to have found here these features, because there are many open theoretical questions that could be addressed this way. To cite a key one: the experimental realization of quantum corrections to the Bekenstein formula for the black-hole entropy. Many more are, of course, possible to envisage.
We also briefly commented here on the compatibility of noncommutativity with the obtained GUP. We concluded that the simplest compatibility with the GUP modified by the graphene granular structure is given by [x i , x j ] = θ ij , with θ ij a constant, antisymmetric, c−number valued quantity. The Lie-algebra noncommutativity is not compatible, while compatibility with q-deformation needs further analysis. We then pointed to a possible physical set-up, where the presence of a strong perpendicular external magnetic field B could create the conditions for such noncommutativity, with θ ij = (c/eB) ij , by projecting the dynamics of the π-electron quasiparticles on the lowest Landau level.
Interesting would be to compare the Lorentz violation emerging in graphene in the commutative case of Section II (see the violation in (6) , and the even stronger violation in (7)), with the Lorentz violation due to noncommutativity in the approach of [29] [30] [31] .
